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Abstract
In the present work we investigate evolving wormhole configurations described by a constant
redshift function in Einstein-Cartan theory (ECT). The matter content consists of a Weyssenhoff
fluid along with an anisotropic matter which together generalize the anisotropic energy momentum
tensor in general relativity (GR) in order to include the effects of intrinsic angular momentum
(spin) of particles. Using a generalized Friedmann-Robertson-Walker (FRW) spacetime, we derive
analytical evolving wormhole geometries by assuming a particular equation of state (EoS) for energy
density and pressure profiles. We introduce exact asymptotically flat and anti-de Sitter spacetimes
that admit traversable wormholes and respect energy conditions throughout the spacetime. The
rate of expansion of these evolving wormholes is determined only by the Friedmann equation in
the presence of spin effects.
1 Introduction
Wormholes are theoretical passages in the spacetime topology that could create handles or tunnels
which link two parallel universes or widely separated regions of the same Universe. The search for
exact spacetimes admitting wormhole solutions in GR has attracted a great deal of interest in theoretical
physics within different field of studies. Much work has been done over the past decades in order to
explain physics as pure geometry namely within the ancient Einstein-Rosen bridge model of a particle
[1], see also [2]. The concept of wormhole was invented in the late 1950’s within the pioneering articles
of Misner and Wheeler [3] and Wheeler [4], in order to provide a mechanism for having “charge without
charge”. The electric charge was claimed to emerge as a manifestation of the topology of a space which
in essence resembled a sheet with a handle. The name of such an object was proposed as a “wormhole”.
Despite its elegance and simplicity, the interest in Misner-Wheeler wormhole declined over the years
firstly due to the rather ambitious nature of the project which unfortunately had little connection with
the real world or support from Earth based experiments (see e.g., and reference therein [5]). The study
of Lorentzian wormholes in the context of GR was triggered by the remarkable paper of Morris and
Thorne in 1988 [6] where, they introduced a static spherically symmetric metric and discussed the
required conditions for physically meaningful traversable wormholes. In GR, the fundamental faring-
out condition of wormhole throat leads to the violation of null energy condition (NEC). The matter
distribution responsible for NEC violation is the so called “exotic matter” [7], by the virtue of which,
traversable wormhole geometries have been obtained e.g., with the help of phantom energy distribution
∗mehdizadeh.mr@uk.ac.ir
†ah.ziaie@gmail.com
1
[8]. This type of matter, though exotic in the Earth based laboratory context, is of observational
interest in cosmological settings [9]. Phantom energy possesses peculiar features, namely, a divergent
cosmic energy density at a finite time[10], prediction of existence of a new long range force [11], and
the appearance of a negative entropy and negative temperature [12].
One of the most important challenges in wormhole scenarios is the establishment of standard energy
conditions. In this regard, various methods have been proposed in the literature that deal with the
issue of energy conditions within wormhole settings. Moreover, Visser and Poisson have studied the
construction of thin-shell wormholes where the supporting matter is concentrated on the wormhole’s
throat [13]. Fortunately, in the context of modified theories of gravity, the presence of higher order
terms in curvature would allow for building thin-shell wormholes supported by ordinary matter [14].
Recently, a large amount of work has been devoted to build and study wormhole solutions within the
framework of modified gravity theories among which we can quote: wormhole solutions in Brans-Dicke
theory [15], f(R) gravity [16], Born-Infeld theory [17], Einstein-Gauss-Bonnet theory [18], Kaluza-Klein
gravity [19] and scalar-tensor gravity [20].
Though the exotic energy-momentum is required to support wormhole configurations [21], it has
been noted that the possibility of evolving (time-dependent) wormholes may help to modify this sit-
uation [22]. Work along this line has been done in dynamical wormhole geometries which satisfy the
energy conditions during a time period [23]. An interesting scenario is that the expansion of the Uni-
verse could increase the size of the static wormholes by a factor which is proportional to the scale
factor of the Universe. In this regard, a pioneering work related to dynamical wormholes was done
independently by Hochberg and Visser [24] and Hayward [25], however, the supporting matter violates
the NEC. Evolving wormholes in a cosmological background have been also studied in [26]. Cataldo et
al. studied the (N + 1) dimensional evolving wormholes supported by a polytropic EoS [27]. Maeda,
Harada, and Carr have shown another class of dynamical wormholes (cosmological wormholes) which
mimic an asymptotically Friedmann Universe with a big-bang singularity at the beginning [28]. The
resulted wormhole spacetimes contain a perfect fluid and admit a homothetic Killing vector which
requires an EoS to be linear which indeed makes the cosmic expansion to be accelerating for an appro-
priate EoS parameter. However, for these class of solutions the numerical solution exhibits a singular
hypersurface which violates the NEC. In recent years, some research works have been done that deal
with dynamic wormhole spacetimes supported by two fluids [29] and evolving wormholes sustained by
a single inhomogeneous and anisotropic fluid for which a generalized EoS is imposed [30].
The ECT is a gravitational theory which was put forward by the desire to provide a simple de-
scription of the effects of spin on gravitational interactions [31, 32]. This can be achieved by taking
as a model of spacetime a four-dimensional differential manifold endowed with a metric tensor and a
linear connection which is asymmetric. The torsion tensor refers to the anti-symmetric part of the
connection which physically can be interpreted as caused by the spin of fermionic matter fields. Hence
in ECT, both mass and spin, which are intrinsic and fundamental properties of matter would influence
the structure of spacetime.
While GR has been a successful theory in describing the gravitational phenomena, this theory admits
spacetime singularities both in the cosmological and astrophysical settings [33]. These are spacetime
events where the densities as well as curvatures grow boundlessly and the classical framework of the
theory breaks down. It is therefore well motivated to search for alternative theories of GR whose geo-
metrical attributes may provide nontrivial settings in order to study the gravitational interactions. In
this regard, one of the advantages of introducing torsion is to modify the present standard cosmology
based on usual GR by means of the spin of matter. On the other hand, the standard model of cosmology
is built upon the homogeneity and isotropy of the Universe on large scales while being inhomogeneous
on small scales. This model can be extended to inhomogeneous spherically symmetric spacetimes
(which merge smoothly to the cosmological background) by assuming that the radial pressure and
energy density obey a linear equation of state (EoS), i.e., pr = wρ. An interesting scenario is due to
the fact that the expansion of the Universe could increase the size of the static wormholes by a factor
2
which is proportional to the scale factor of the Universe. Using a linear EoS, wormhole solutions have
been obtained in GR and their physical properties have been discussed in [34]. Cosmological settings in
ECT has been also investigated where it has been shown that spacetime torsion may provide a setting
in which the big bang singularity is replaced by a non-singular state of minimum but finite radius
[35]. Moreover, torsion has been employed to study the spin effects in the early Universe [36],[37],
inflationary models [38], emergent Universe scenario [39], gravitational collapse [40], higher dimen-
sional gravity theories [41] and black hole physics [42]. Recently, the possibility of existence of static
traversable wormholes in the context of ECT, without resorting to an exotic matter, has been stud-
ied in [43]. Taking the matter sources as two noninteracting scalar fields (one is minimally and the
other is nonminimally coupled to gravity) with nonzero potentials, exact static, spherically symmetric
wormhole solutions with flat or AdS asymptotic behavior has been obtained. These kind of wormholes
satisfy the NEC and weak energy condition (WEC) with arbitrary throat radius. More interestingly,
exact wormhole spacetimes with sources in the form of a nonminimally coupled non-phantom scalar
field and an electromagnetic field have been found in [44]. The solutions describe different asymptotic
behavior and symmetric properties and a minimum value for the throat radius has been obtained
subject to satisfaction of NEC and WEC. Work along this line has been also performed in [45] where
wormhole structures and the energy conditions supporting them have been studied in the framework
of ECT. Introducing the supporting material for wormhole geometry as a Weyssenhoff spinning fluid
along with an anisotropic energy momentum tensor (EMT) for matter fields, exact asymptotically flat
and anti-de-Sitter spacetimes were obtained which admit traversable wormholes and respect energy
conditions.
Motivated by the above considerations, we search for the dynamical wormhole solutions in a cos-
mological background in ECT. We are interested to study spherically symmetric dynamical wormhole
solutions in a cosmological background which are supported by an anisotropic spinning fluid. The
matter content supporting the wormhole geometry includes the EMT of a spinning fluid together with
an anisotropic EMT for the ordinary matter distribution. As we shall see, two classes of traversable
wormhole solutions satisfying WEC can be found for suitable values of the EoS parameter.
This paper is organized as follows: In section 2 we give a brief review on ECT together with finding
the gravitational field equations. Introducing a spin fluid as the source of spacetime torsion, we rewrite
the field equations for an anisotropic source and present the resulted differential equations governing
the wormhole configuration. Taking an EoS for the radial and tangential pressures and energy density,
we deal with evolving wormhole solutions in the context of ECT in section 3. Two classes of solutions
are found as dynamical wormhole solutions with zero tidal force, presented in subsections 3.2 and 3.3.
Our conclusion is drawn in section 4.
2 Field equations in Einstein-Cartan theory
In the framework of GR, the gravitational field is described by a symmetric rank two tensor, i.e., the
metric tensor which is defined on a four-dimensional spactime manifold. The Einstein-Hilbert action
then provides the dynamics of this tensor field via the GR field equations. However, it is possible
to generalize the GR action through defining much more invariants from the spacetime torsion and
curvature tensors. The ECT allows us to proceed in this sense and find the simplest and most natural
generalization of GR, for which the action integral is given by
S =
ˆ
d4x
√−g
{ −1
2κ2
(
Rˆ+ 2Λ
)
+ Lm
}
=
ˆ
d4x
√−g
{ −1
2κ2
[
R({}) + KαρλKρλα − KαραKρλλ
]
+ Lm
}
, (1)
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where κ2 = 8piG is the gravitational coupling constant, Rˆ is the Ricci scalar constructed out of a general
asymmetric connection Γˆαµν and can be expressed in terms of the independent background fields, i.e.,
the metric field gµν and the connection. The quantity K
µ
να is the contorsion tensor defined as
K
µ
αβ = Q
µ
αβ + Q
µ
αβ + Q
µ
βα , (2)
where the spacetime torsion Qαµν is geometrically defined as the antisymmetric part of the connection
Q
µ
αβ =
1
2
[
Γˆµαβ − Γˆµβα
]
. (3)
The Lagrangian of the matter fields is introduced as Lm. Extremizing action (1) with respect to
contorsion gives the Cartan field equation as
Qαµβ − δαβQγµγ + δαµQγβγ = −
1
2
κΣ αµβ , (4)
or equivalently
Qαµβ = −
κ
2
[
Σ αµβ +
1
2
δαµΣ
ρ
βρ −
1
2
δαβΣ
ρ
µρ
]
, (5)
where Σµαβ = 2 (δLm/δKµαβ) /√−g is defined as the spin tensor of matter [31]. We note that the
equation governing the torsion tensor is of algebraic type, thus, the torsion is not allowed to propagate
outside the matter distribution as a torsion wave or through any interaction of non-vanishing range
[31] and therefore is only nonzero inside the matter source. Varying action (1) with respect to the
metric gives the Einstein-Cartan field equation [31, 46]
Gµβ ({})− Λgµν = κ2 (Tµβ + θµβ) , (6)
where
θµν =
1
κ2
[
4QηµηQ
β
νβ −
(
Qρµǫ + 2Q
ρ
(µǫ)
)(
Qǫνρ + 2Q
ǫ
(νρ)
)
+
1
2
gµν
(
Qρσǫ + 2Q(σǫ)ρ
) (
Qǫσρ + 2Q(σρ)ǫ
)
− 2gµνQρσρQσǫσ
]
. (7)
or equivalently
θµβ =
1
2
κ2
[
Σ αµα Σ
γ
βγ − Σ αγµ Σβγα − Σ αγµ Σβαγ
+
1
2
ΣαγµΣαγβ +
1
4
gµβ
(
2ΣαγǫΣ
αǫγ − 2Σ γα γΣαǫ ǫ +ΣαγǫΣαγǫ
) ]
, (8)
where we have used expression (5) in order to substitute for the torsion tensor, () denotes symmetriza-
tion and Tµβ being the dynamical EMT represented by Tµβ = 2
(
δLm/δgµβ
)
/
√−g [47]. Next we
proceed to obtain exact solutions exhibiting wormhole geometries in the presence of a spinning fluid.
Such a fluid can be described by the so called Weyssenhoff fluid considered as a continuous macro-
scopic medium whose microscopic elements are composed of fermionic particles with intrinsic angular
momentum. This model which generalizes the EMT of ordinary matter in GR to include non-vanishing
spin was first studied by Weyssenhoff and Raabe [48] and extended by Obukhov and Korotky in order
to construct cosmological models based on the EC theory [49]. In order to consider wormhole solutions
in the framework of ECT, we utilize a classical description of spin as postulated by Weyssenhoff given
by [48],[49],
Σ αµν = Sµνu
α, Sµνu
µ = 0, (9)
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where uα is the four-velocity of the fluid element and Sµν = −Sνµ is a second-rank antisymmetric
tensor defined as the spin density tensor. The spatial components of spin density tensor include the
3-vector (S23, S13, S12) which coincides in the rest frame with the spatial spin density of the matter
element. The rest of spacetime components (S01, S02, S03) are assumed to be zero in the rest frame of
fluid element, which can be covariantly formulated as a constraint given in the second part of (9). This
constraint on the spin density tensor is usually called the Frenkel condition which requires the intrinsic
spin of matter to be spacelike in the rest frame of the fluid1. The dynamical EMT can be decomposed
into the usual perfect fluid part, TPfµβ and an intrinsic spin part T
s
µβ which can be written explicitly as
[48, 36]
Tµβ = T
Pf
µβ + T
s
µβ = {(ρ+ pt)uαuβ + ptgαβ + (pr − pt)vαvβ}
+ u(αS
µ
β)u
νKρµνuρ + u
ρKµρσu
σu(αSβ)µ −
1
2
u(αQβ)µνS
µν +
1
2
Qνµ(αS
µ
β)u
ν , (10)
where the quantities ρ, pr and pt are the usual energy density, radial and tangential pressures of the
fluid respectively, and vµ is a unit spacelike vector field in radial direction. From the microscopical
viewpoint, a randomly distributed gas of fermions is the source of spacetime torsion. However, we
have to deal with this issue at a macroscopic level, which means that we need to perform a suitable
spacetime averaging process. In this regard, the average of spin density tensor vanishes macroscopically,
i.e., 〈Sµν 〉 = 0 [31][36] however, the square of spin density tensor S2 = 12 〈SµνSµν〉 will survive to have
contribution within the total EMT [36],[53]
Ttotalαβ = Tµβ + θµβ . (11)
Taking these considerations into account, the relations (6) and (8) together with (9-11) give the com-
bined field equation with anisotropic matter distribution and spin correction terms as
Gµν − Λgµν = κ
(
ρ+ pt − κ
2
S2
)
uµuν + κ
(
pt − κ
4
S2
)
gµν + (pr − pt)vµvν . (12)
We see that the contribution due to spin squared terms appear, effectively as a negative density, in the
pressure profiles and energy density of the anisotropic fluid2. In this sense, Hehl et al. have utilized
the Weyssenhoff description of spinning fluid to show that such a contribution acts as a stiff matter
[32, 36]. Such a behavior plays an important role in super dense regimes of extreme gravity, even
if the orientation of spinning particles is randomly distributed. This leads to gravitational repulsion
and avoidance of curvature singularities by violating the energy condition of the singularity theorems
[32]. Furthermore, it has been shown that the repulsive effects owing to the presence of spin effects
would replace the big-bang singularity with a nonsingular big- bounce, before which the Universe was
contracting [35], [54].
3 WORMHOLE GEOMETRIES
In this section we deal with dynamical wormhole solutions in the context of EC gravity. The theoretical
construction of wormhole spacetimes is usually performed by employing the method where, in order
to obtain a desired metric, one is allowed to take the form of the metric functions freely, such as the
redshift and shape functions, or even the scale factor for dynamical wormholes. We shall therefore
1The Weyssenhoff spin fluid has been also described by means of applying the Papapetrou-Nomura-Shirafuji-Hayashi
method of multiple expansion in the Riemann-Cartan spacetime [50] to the conservation law for the spin density (which
results from the Bianchi identities in the EC gravity [51, 52]) in the point-particle approximation.
2In the present model, we assume the anisotropy of ordinary matter only within the EMT of the fluid part and allow
for a random distribution of the spinning particles. However, the existence of anisotropy within the spin part needs the
study of a spin polarized matter distribution that can occur in the presence of a background magnetic field.
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follow the conventional method in order to find solutions in EC gravity which are utilized also in
theoretical cosmology. Moreover, we shall prescribe the matter content by specifying the EoS for the
radial and tangential pressures and energy density and then we solve for the field equations to obtain
the redshift and shape functions together with the scale factor.
3.1 EVOLVING LORENTZIAN WORMHOLES
We are interested in wormhole solutions in a cosmological background, thus, we generalize Morris and
Thorne wormhole to a time-dependent spacetime given by
ds2 = −e2φ(r)dt2 +R(t)2
(
dr2
1− b(r)
r
+ r2(dθ2 + sin2 θdϕ2)
)
, (13)
where R(t) is the scale factor of the Universe, φ(r) being the redshift function and b(r) is the wormhole
shape function. The shape function must satisfy the flare-out condition at the throat, i.e., we must
have b′(r0) < 1 and b(r) < r for r > r0 in the whole spacetime, where r0 is the throat radius. In
the present work, we consider φ(r) = 0 in order to ensure the absence of horizons and singularities
throughout the spacetime. These evolving Lorentzian wormholes are conformally related to another
family of static wormholes with zero-tidal force. The general constraints on these functions has been
discussed by Morris and Thorne in [6]. It is clear that if b(r) and φ(r) tend to zero the metric (13)
becomes the flat FRW metric, and as R(t)→ constant the static Morris-Thorne wormhole is recovered.
In the herein model, we search a way to determine the shape function b(r) and the scale factor R(t) in
order to construct dynamical wormholes.
Let us now find the combined field equations for the metric (13). In an orthonormal reference
frame, the nonzero components of the EMT are given by
ρ(r, t) = 3H2 +
b′(r)
R(t)2r2
+
S2(t)
4
(14)
pr(r, t) = −3H2 − 2H˙ − b
′(r)
2R(t)2r2
+
b(r)
2R(t)2r3
+
S2(t)
4
, (15)
pt(r, t) = −3H2 − 2H˙ − b(r)
R(t)2r3
+
S2(t)
4
, (16)
where we have set the units so that κ = 1 and use has been made of uµ = [1, 0, 0, 0] and vµ =[
0,
√
1− b(r)/r, 0, 0
]
as the timelike and spacelike vector fields and H = R˙
R
. The conservation equation
Tµν;µ = 0, leaves us with the following relations given as
ρ˙+H [3ρ+ pr + 2pt] =
1
2
[S˙S+ 3HS2], (17)
p ′r +
2(pt − pr)
r
= 0. (18)
We note that the above equations describe energy conservation in the general case when all fields
interact with each other. Let us consider the dependence of spin square density on the scale factor
as S2 = S20/a(t)
m (m > 0) [54]. Also, from equation (18) we see that for an isotropic pressure, i.e.
pr = pt, we have p
′
r = 0, so the pressure will depend only on time which corresponds to the standard
FRW cosmologies. However, our aim here is to study evolving wormholes with anisotropic pressures
in an inhomogeneous spacetime which merge smoothly to the cosmological background. We therefore
adopt the generalized EoS given by [55]
ρ =
w
1 + 2γ
(pr + 2γpt), (19)
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where w and γ are constants and for w = −1 the above EoS reduces to a particular EoS already
explored in [56]. Clearly, this equation reduces to a linear EoS at spatial infinity where pr = pt . In
order to obtain the two unknown functions, b(r) and R(t), we substitute equations (14)-(16) into the
above EoS which yields
(1 + γ(2 + w))rb′(r) − w(γ − 1)b(r)
(1 + 2γ)r3
=
(1 + 2γ)R(t)2[R(t)2m(12H2(w + 1) + 8wH˙)− S20(w − 1)]
(4 + 8γ)R(t)2m
. (20)
Fortunately, this equation can be separated into radial and temporal equations. Therefore, both sides
can be set to constant value. Let us take the separation constant as C whence we get the shape function
as
b(r) =
Cr3
3 + w
+ C1r
w(γ−1)
γ(2+w)+1 , (21)
where C1 is an integration constant. Using the condition b(r0) = r0 at the throat we have
C1 =
r0(−Cr20 + 3 + w)
(3 + w)r
w(γ−1)
γ(2+w)+1
0
, (22)
from which we find at the throat
b′(r0) =
Cr20(2γ + 1) + w(γ − 1))
γ(2 + w) + 1
, (23)
where we have used Eq. (21). From equation (20) we obtain the following master equation for the
scale factor [(
3(1 + w)H2 + 2wH˙
)
R(t)2m − (w − 1)S
2
0
4
]
R(t)2 + CR(t)2m = 0. (24)
Note that the rate of expansion of these evolving wormholes is only determined by the EoS parameter
w and is independent of parameter γ. Integrating the above equation leaves us with the following
equation as
3H(t)2 +
3C
R(t)2
= kR(t)−3(1+w) +
3S20(w − 1)R(t)−2m
4(2m− 3(1 + w)) . (25)
This differential equation is the standard Friedmann equation in the presence of torsion [57]. In the
following subsections, with the help of the master equation, we will determine the behavior of scale
factor and the related properties of the energy conditions within the wormhole geometry. Thus, in
order to study an evolving wormhole in detail, we consider two cases C = 0 and C 6= 0.
3.2 Solutions for the case C = 0
Setting the C = 0 in Eq. (21), we find the shape function as
b(r) = r0
(r0
r
) w(1−γ)
1+γ(2+w)
. (26)
Also the condition b′(r0) < 1 in equation (23) gives the following conditions
−2γ − 1 < w or w < −1 + 2γ
γ
for γ > 0,
−1 + 2γ
γ
< w < −2γ − 1 for γ < −1
2
,
−2γ − 1 < w < −1 + 2γ
γ
for − 1
2
< γ < 0. (27)
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We note that these wormhole solutions are asymptotically flat. Moreover, in order to have a wormhole
spacetime for γ = 0 and R(t) = constant, it is clear that we must have w > 0 or w < −1. These
static wormhole solutions were firstly considered in [58]. Next, we proceed find the scale factor for this
solution.
3.2.1 Specific case: w > 0
Let us now investigate the features of the evolving wormhole. We firstly solve the differential equation
(24) to find the scale factor for GR case (S0 = 0) as
R(t) = (C2 + C3t)
2w
3(1+w) , (28)
where C2 and C3 are integration constants. Using the field equations (14)-(16) we obtain
ρ(r, t) =
4C3
2w2
3(1 + w)2(C2 + C3t)2
+
wr−20
(
γ − 1)
(C2 + C3t)
4w
3(1+w)
(
1 + γ(2 + w)
)
[
r0
r
] (3+w)(1+2γ)
1+γ(2+w)
, (29)
ρ(r, t) + pr(r, t) =
4C3
2w
3(1 + w)(C2 + C3t)2
− r
−2
0
(
1 + 2γ + w
)
(C2 + C3t)
4w
3(1+w)
(
1 + γ(2 + w)
)
[
r0
r
] (3+w)(1+2γ)
1+γ(2+w)
, (30)
and
ρ(r, t) + pt(r, t) =
4C3
2w
3(1 + w)(C2 + C3t)2
+
r−20
(
1 + 2γ + w(2γ − 1))
2(C2 + C3t)
4w
3(1+w)
(
1 + γ(2 + w)
)
[
r0
r
] (3+w)(1+2γ)
1+γ(2+w)
. (31)
Notice that for reasonable values of γ, the components of ρ, ρ+pr and ρ+pt tend to zero as t→∞. We
can also suitably choose the constants so that the WEC be satisfied at the wormhole throat. Moreover,
we see that for w > 0 we obtain 4w3(1+w) < 2. Hence, at late times, the second term of Eqs. (29)-(31)
would determine the sign of these equations at infinity. Thus, in order to fulfill the WEC we must have
w > − 1+2γ
γ
for − 12 < γ < 0 and −1 − 2γ < w for γ < − 12 . In this case, these conditions violate the
flaring-out condition at the throat (b′(r0) < 1) and consequently the WEC is violated at late times.
Now we solve the differential equation (24) for S0 6= 0. Since solving the differential equation (24)
is too complicated, in general, we will consider restrictions on the state parameters w and m and then
solve Eq. (24) to obtain the scale factor. Firstly, let us consider a stiff matter with the EoS w = 1 in
equation (24). Then, the scale factor is found as
R(t) = (C4 + C5t)
1
3 , (32)
whereby we get the following expressions as
ρ(r, t) =
C5
2
3(C4 + C5t)2
+
r−20
(
γ − 1)
(C4 + C5t)
2
3
(
1 + 3γ
)
[
r0
r
] 4(1+2γ)
1+3γ
+
S20
4(C4 + C5t)
2m
3
, (33)
ρ(r, t) + pr(r, t) =
2C5
2
3(C4 + C5t)2
− r
−2
0
(
γ + 1
)
(C4 + C5t)
2
3
(
1 + 3γ
)
[
r0
r
] 4(1+2γ)
1+3γ
+
S20
2(C4 + C5t)
2m
3
, (34)
8
Figure 1: The behavior of ρ , ρ + pr and ρ + pt versus r respectively from left to right, for w = 1,
m = 1, γ = 2, C4 = C5 = 0.3 , r0 = 2 and S0 = 1.
and
ρ(r, t) + pt(r, t) =
2C5
2
3(C4 + C5t)2
+
r−20
(
2γ
)
(C4 + C5t)
2
3
(
1 + 3γ
)
[
r0
r
] 4(1+2γ)
1+3γ
+
S20
2(C4 + C5t)
2m
3
, (35)
where C4 and C5 are integration constants. It is Noteworthy that if − 13 < γ or γ < −1 we have
asymptotically flat evolving wormholes for which the flare-out condition is satisfied. In this case, in
order that the WEC be satisfied at late times, we find that for m ≤ 1, it is the third term in above
expressions that decides the sign of them. Hence, by making a suitable choice for S0 the WEC can be
satisfied. From another side, we see that for m > 1 the sign of second term within these expressions is
positive for −1 < γ < − 13 at late times which leads to the fulfillment of WEC; however, the flare-out
condition is violated. Fig.(1) shows that it is possible to choose suitable values for the constants in
order to satisfy the WEC in whole spacetime.
3.3 Solutions for the case C 6= 0
Let us proceed with the general case in which C 6= 0. An interesting case is that of traversable
wormholes supported by the dark energy EoS (−1 ≤ w < −1/3) that is required for cosmic acceleration.
For instance, let us consider w = −1. Then, Eq. (25) leads to
R˙2 =
kR(t)2
3
− S0
2
4mR(t)2(m−1)
− C (36)
where k is an integration constant. Since this equation cannot be integrated analytically for R(t), it
would be instructive to plot the phase space diagram of R versus R(t). Fig. (2) shows the phase space
constructed out of the scale factor and its time derivative for a few values of the parameter m. As is
seen for large values of the scale factor, R˙ depends linearly on R and for S0 = 0 and C = 0 in equation
(36) we have an exponential expansion for an inflating wormhole i.e, R(t) = R0e
√
k
3 t.
For m = 1 within the master Eq.(24), the scale factor is found as
R(t) =
S1 + C6
2e2C7t
4C6C7eC7t
, (37)
9
where C6 and C7 are integration constants and S1 = 4C + S0
2. In case we set S1 = 0 and C7 > 0,
which gives an exponential expansion for an inflating wormhole i.e, R(t) = R0e
C7t, the wormhole
solution presented in [56] is recovered. We therefore note that without loss of generality, by rescaling
the constants S1 > 0 and S1 < 0, the scale factor can be found as R(t) = R0 sinh(C7t) and R(t) =
R0 cosh(C7t) respectively.
Using the field equations for scale factor (37) we obtain
ρ(r, t) =
[
2C6
2(12C− S02)e2C7t + 3C64e4C7t + 3S12
]
C7
2
(S1 + C6
2e2C7t)2
+
16C6
2C7
2(γ − 1)(Cr20 − 1)
(γ + 1)r20(S1 + C6
2e2C7t)2
[
r0
r
] 2(2γ+1)
γ+1
, (38)
ρ(r, t) + pr(r, t) =
32γC6
2C7
2(Cr20 − 1)e2C7t
(γ + 1)r20(S1 + C6
2e2C7t)2
[
r0
r
] 2(2γ+1)
γ+1
, (39)
and
ρ(r, t) + pt(r, t) = − 16C6
2C7
2(Cr20 − 1)e2C7t
(γ + 1)r20(S1 + C6
2e2C7t)2
[
r0
r
] 2(2γ+1)
γ+1
. (40)
Now, in order to check the WEC, we first investigate the behavior of ρ+ pr(r0) and ρ+ pt(r0) at time
t = 0, which is given by
ρ(r0) + pr(r0) =
32C6
2C7
2(Cr20 − 1)γ
r20(S1 + C6
2)2(γ + 1)
, (41)
and
ρ(r0) + pt(r0) = − 16C6
2C7
2(Cr20 − 1)
r20(S1 + C6
2)2(γ + 1)
. (42)
We therefore observe that if we set C = 0 in the above expressions, the conditions ρ(r0) + pr(r0) > 0
and ρ(r0) + pt(r0) > 0 will be satisfied when −1 < γ < 0. However such a restriction on γ parameter
is in contradiction with condition b′(r0) < 1 which imposes 0 < γ or γ < −1. Thus, the WEC (and
also NEC) is violated in the vicinity of the wormhole throat. For C 6= 0 and Cr20 − 1 < 0, if −1 < γ < 0
the NEC is satisfied at the wormhole throat. Also, if − 12 < γ < 0 the condition b′(r0) < 1 will be
satisfied. Hence, one can choose − 12 < γ < 0 in order that the WEC be satisfied at the wormhole
throat. For Cr20 − 1 > 0 if γ < −1 the NEC is satisfied at the wormhole throat, but the flare-out
condition (−1 < γ < − 12 ) is violated. We further note that for an inflating wormhole, (C7 > 0) the
values ρ, pr and pt for large r will take the following form as
ρ = −pr = −pt = 3C72, (43)
which corresponds to dark energy EoS (cosmological constant). Also, it is clear that both ρ+ pr and
ρ + pt tend to zero as r tends to infinity. Since these two expressions have no real positive root, in
order to find their sign, it is sufficient to investigate the sign at the throat. Therefore, in order that
the WEC be satisfied throughout the spacetime, one can impose the condition on satisfaction of WEC
at wormhole throat. Finally, in order to investigate the traceless EMT case, we set w = 3 and γ = 1 in
equation (21). Applying these choices, the shape function is found as
b(r) = C(r3 − r30) + r0, (44)
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Figure 2: The phase space diagram R˙ versus R for k = 2, C = −3, S0 = 1 and m = 0.25, 0.5, 1.
and the condition b′(r0) = 3Cr0
2 < 1 must satisfied at the throat. Now, from Eq (25), we find the scale
factor for m = 1 as
R(t) =
[
β1t
2 + β2t+ β3
] 1
2 , (45)
where β1 = S0
2/12−C and β2 and β3 are constants of integration. Notice that for expanding wormholes,
we must have β1 > 0 and β2 − 4β1β3 < 0. In order to check the fulfillment of WEC we need to study
the behavior of ρ, ρ+ pr and ρ+ pt for large t, given by
ρ(r, t) =
S0
2
6β1t2
+O
(
1
t3
)
, (46)
ρ(r, t) + pr(r, t) =
(2S0
2r3 + 3Cr30 − 3r0)
144β1r3t2
+O
(
1
r3t3
)
, (47)
and
ρ(r, t) + pt(r, t) =
(4S0
2r3 − 3Cr30 + 3r0)
288β1r3t2
+O
(
1
r3t3
)
. (48)
It is seen that for β1 > 0 and − 2S0
2r30−3
3r20
< C ≤ 0 , both of ρ+ pr and ρ+ pt are positive at wormhole
throat. Also, the value of energy density is positive for β1 > 0. It can be shown that the WEC for
t = 0 is satisfied at the throat, if we choose suitable values for the constant parameters β2, β3 and S0.
We further note that in GR where S0 = 0, the NEC is violated for large time as is seen from equations
(47)-(48). However, the WEC can be satisfied as is shown in Fig. (3).
4 Concluding Remarks
In this paper we investigated evolving wormhole solutions in an expanding Universe in the framework
of ECT by considering a Weyssenhoff spinning fluid along with an anisotropic energy momentum tensor
(EMT) for matter fields as supporting material for wormhole geometry. Assuming a specific form for
11
Figure 3: The behavior of ρ , ρ+pr and ρ+pt versus r respectively from left to right for w = 3, γ = 1,
C = −0.2, r0 = 2, β1 = 16.83, β2 = 72, β3 = 72 and S0 = 1.
the EoS of perfect fluid part of the EMT, the solutions are found using the method of separation of
variables along with assuming a constant redshift function and a generalized form for the FRW metric.
It is interesting to note that the time evolution of these solutions is governed through an equation for
the standard Friedmann equation with non-vanishing contribution for the spin effects. Two classes of
solutions were obtained for zero and nonzero separation constant and the scale factor were calculated
for these solutions. It was found that in GR, these class of solutions do not satisfy WEC throughout
the spacetime, however, for a suitable choose of parameters in ECT (S0 and m), the energy conditions
can be satisfied for all solutions and for whole spacetime. It is also worth mentioning that these
solutions can be compared to evolving Lorentzian wormholes with the radial tension and tangential
pressure having barotropic EoS for which the WEC is always violated [59]. Another important issue
that needs to be investigated is the stability of solutions under small perturbations. As we know, the
study of stability conditions of any static or stationary energy-momentum distribution under small
perturbations is mandatory for its steady existence in the Universe. Traversable Lorentzian wormholes
which have attracted a great deal of attention in recent modern research in GR and its alternative
theories are not an exception since a wormhole geometry which is of physical interest should survive
enough so that its traversability is sensible. Therefore the stability of a given wormhole configuration
becomes a central aspect of its study and in this regard the stability issue of wormholes has been
investigated for the case of small perturbations retaining the original symmetry of the configurations.
In particular, Poisson and Visser [13] have developed a straightforward method in order to analyze
the stability features of thin-shell wormholes. This method has been widely utilized to investigate the
stability aspects of more general spherically symmetric configurations [60]. Work along this line has
been pursued over the past years and much effort has been devoted to examine the stability of wormhole
solutions in GR [61] and in some generalized theories of gravity see e.g.,[14] and [62]. Concerning the
above discussions, the stability analysis of wormhole solutions obtained here under small perturbations
is an important problem, however, this task is beyond the scope of the present work and we postpone
a detailed discussion on this issue to future studies.
References
[1] A. Einstein and N. Rosen, Phys. Rev. 48, 73 (1935).
[2] D. R. Brill and R. W. Lindquist, Phys. Rev. 131, 471 (1963).
12
[3] C. W. Misner and J. A. Wheeler, Ann. Phys. 2, 525 (1957);
C. W. Misner, Phys. Rev. 118, 1110 (1960).
[4] J. A. Wheeler, Ann. Phys. 2, 604 (1957);
J. A. Wheeler, Geometrodynamics (Academic, New York, 1962).
[5] Euclidean Quantum Gravity, edited by G. W. Gibbons and S. W. Hawking (World Scientific,
Singapore, 1993);
M. Visser, Lorentzian Wormholes: From Einstein to Hawking (AIP, Woodbury, USA, 1995).
[6] M. S. Morris and K. S. Thorne, Am. J. Phys. 56, 395 (1988);
M. S. Morris, K. S. Thorne and U. Yurtsever, Phys. Rev. Lett. 61, 1446 (1988).
[7] S. Kar, N. Dadhich, and M. Visser, Pramana J. Phys. 63, 859 (2004);
D. Hochberg and M. Visser, Phys. Rev. D 56, 4745 (1997).
[8] F. S. N. Lobo, Phys. Rev. D 71, 124022 (2005); Phys. Rev. D 71, 084011 (2005);
P. K. F. Kuhfittig, Class. Quant. Grav. 23, 5853 (2006);
S. Sushkov, Phys. Rev. D 71, 043520 (2005).
[9] V. Sahni and A. A. Starobinsky, Int. J. Mod. Phys. D 09, 373 (2000);
S. M. Carroll, Living Rev. Rel. 4, 1 (2001);
P. J. E. Peebles and B. Ratra, Rev. Mod. Phys. 75, 559 (2003);
V. Sahni, Class. Quantum Grav. 19, 3435 (2002);
T. Padmanabhan, Phys. Rep. 380, 235 (2003);
P. F. Gonzales-Diaz, Phys. Rev. D 65, 104035 (2002).
[10] R. R. Caldwell, Phys. Lett. B 545, 23 (2002);
R. R. Caldwell, M. Kamionkowski, and N. N. Weinberg, Phys. Rev. Lett. 91, 071301 (2003).
[11] L. Amendola, Phys. Rev. Lett. 93, 181102 (2004).
[12] I. Brevik, S. Nojiri, S. D. Odintsov, and L. Vanzo, Phys. Rev. D 70, 043520 (2004);
S. Nojiri and S. D. Odintsov, Phys. Rev. D 70, 103522 (2004).
[13] E. Poisson and M. Visser, Phys. Rev. D 52, 7318 (1995).
[14] S. H. Mazharimousavi, M. Halilsoy, and Z. Amirabi, Phys. Rev. D 81, 104002 (2010);
Class. Quantum Grav. 28, 025004 (2011);
M. R. Mehdizadeh, M. K. Zangeneh, and F. S. N. Lobo, Phys. Rev. D 92, 044022 (2015).
[15] A. G. Agnese and M. La Camera, Phys. Rev. D 51, 2011 (1995);
K. K. Nandi, A. Islam, and J. Evans, Phys. Rev. D 55, 2497 (1997);
F. S. N. Lobo and M. A. Oliveira, Phys. Rev. D 81, 067501 (2010);
S. V. Sushkov and S. M. Kozyrev, Phys. Rev. D 84, 124026 (2011).
[16] F. S. N. Lobo and M. A. Oliveira, Phys. Rev. D 80, 104012 (2009);
N. M. Garcia and F. S. N. Lobo, Phys. Rev. D 82, 104018 (2010);
N. Montelongo Garcia and F. S. N. Lobo, Class. Quantum Grav. 28, 085018 (2011).
[17] E. F. Eiroa and G. F. Aguirre, Eur. Phys. J. C 72, 2240 (2012);
M. Richarte and C. Simeone, Phys. Rev. D 80, 104033 (2009).
[18] M. R. Mehdizadeh, M. K. Zangeneh and F. S. N. Lobo, Phys. Rev. D 91, 084004 (2015);
M. K. Zangeneh, F. S. N. Lobo, and M. H. Dehghani, Phys. Rev. D 92, 124049 (2015).
13
[19] V. D. Dzhunushaliev and D. Singleton, Phys. Rev. D 59, 064018 (1999);
J. P. de Leon, J. Cosmol. Astropart. Phys. 11, 013 (2009).
[20] R. Shaikh and S. Kar, Phys. Rev. D 94, 024011 (2016).
[21] A. Borde, Class. Gravitation 4, 343 (1987);
S. W. Hawking, Phys. Rev D 46, 603 (1992).
[22] S. Kar and D. Sahdev, Phys. Rev. D 53, 722 (1996);
N. Riazi, B. Nasr, Astrophys. Space Sci. 271, 237 (2000).
[23] A. V. B. Arellano and F. S. N. Lobo, Class.l Quantum Grav. 23, 5811 (2006); M. Cataldo, P.
Meza, and P. Minning, Phys. Rev. D 83, 044050 (2011).
[24] D. Hochberg and M. Visser, Phys. Rev. D 58, 044021 (1998).
[25] S. A. Hayward, Int. J. Mod. Phys. D 08, 373 (1999).
[26] S. Kar Phys. Rev. D 49, 862 (1994);
Arellano, A.V.B., Lobo, F.S.N.: Class. Quantum Grav. 23, 7229 (2006);
M. La Camera, Mod. Phys. Lett. A 26, 857 (2011);
A. V. B. Arellano, N. Breton and R. Garcia-Salcedo, Gen. Rel. Grav. 41, 2561 (2009);
S. V. Sushkov, Y.-Z. Zhang, Phys. Rev. D 77, 024042 (2008);
A. V. B. Arellano and F. S. N. Lobo, Class. Quantum Grav. 23, 5811 (2006);
B. N. Esfahani, Gen. Rel. Grav. 37, 271 (2005);
P. K. F. Kuhfittig, Phys. Rev. D 66, 024015 (2002);
L. A. Anchordoqui, D. F. Torres, M. L. Trobo and S. E. Perez Bergliaffa, Phys. Rev. D 57, 829
(1998).
[27] M. Cataldo, F. Arostica and S. Bahamonde, Eur. Phys. J. C 73, 2517 (2013).
[28] H. Maeda, T. Harada, and B. J. Carr, Phys. Rev. D 77, 024022 (2008);
Phys. Rev. D 77, 024023 (2008).
[29] M. Cataldo and S. del Campo, Phys. Rev. D 85, 104010 (2012); M. Cataldo and P. Meza, Phys.
Rev. D 87, 064012 (2013).
[30] M. R. Bordbar and N. Riazi, Astrophys. Space Sci. 331, 315 (2011).
[31] F. W. Hehl, P. Von der Heyde, and G. D. Kerlick and J. M. Nester, Rev. Mod. Phys. 48, 393
(1976).
[32] F. W. Hehl, P. Von der Heyde and G. D. Kerlick, Phys. Rev. D 10, 1066 (1974).
[33] S. W. Hawking and G. F. R. Ellis, “The Large Scale Structure of Spacetime,” Cambridge University
Press, Cambridge (1973).
[34] S. Sushkov, Phys. Rev. D 71, 043520 (2005);
F. S. N. Lobo, Phys. Rev. D 71, 084011 (2005); 73, 064028 (2006); 75, 024023 (2007);
A. De Benedictis, R. Garattini and F. S. N. Lobo, Phys. Rev. D 78, 104003 (2008);
F. S. N. Lobo, F. Parsaei, and N. Riazi, Phys. Rev. D 87, 084030 (2013).
[35] M. Gasperini, Gen. Rel. Grav. 30, 1703 (1998);
B. P. Dolan, Class. Quantum Grav.27, 095010 (2010);
N. J. Poplawski, Gen. Rel. Grav. 44, 1007 (2012);
N. J. Poplawski, Phys. Rev. D 85, 107502 (2012);
14
B. Vakili, S. Jalalzadeh, Phys. Lett. B 726, 28 (2013);
Jia-An Lu, Ann. Phys. (N. Y.) 354, 424 (2015);
S. D. Brechet, M. P. Hobson, and A. N. Lasenby, Class. Quantum Grav. 25, 245016 (2008);
K. Atazadeh, JCAP 06, 020 (2014);
J. Magueijo, T.G. Zlosnik, and T. W. B. Kibble, Phys. Rev. D 87, 063504 (2013);
Q. Huang, P. Wu and H. Yu, Phys. Rev. D 91 103502 (2015).
[36] M. Gasperini, Phys. Rev. Lett. 56, 2873 (1986).
[37] G. de Berredo-Peixoto, E.A. de Freitas, Class. Quantum Gravity 26, 175015 (2009).
[38] S. Nurgaliev and V. N. Ponomariev, Phys. Lett. B 130, 378 (1983);
S.-W. Kim, Nuovo Cim. B112, 363 (1997);
M. O. Ribas, F. P. Devecchi, and G. M. Kremer, Phys. Rev. D, 72, 123502 (2005);
A. V. Minkevich, A. S. Garkun and V. I. Kudin, Class. Quantum Grav. 24, 5835 (2007);
M. O. Ribas and G. M. Kremer, Grav. Cosmol. 16, 173 (2010);
N. J. Poplawski, Phys. Lett. B 694, 181 (2010);
N. J. Poplawski, Astron. Rev. 8, 108 (2013).
[39] H. Hadi, Y. Heydarzade, M. Hashemi and F. Darabi, arXiv:1605.00552 [gr-qc].
[40] M. Hashemi, S. Jalalzadeh and A. H. Ziaie, Eur. Phys. J. C 75 53 (2015);
A. H. Ziaie, P. V. Moniz, A. Ranjbar and H. R. Sepangi, Eur. Phys. J. C 74 (2014) 3154.
[41] M. W. Kalinowski, Lett. Math. Phys. 5 489 (1981);
G. German, A. Macias and O. Obregon, Class. Quantum Grav. 10 1045 (1993);
R. Troncoso and J. Zanelli, Class. Quant. Grav. 17 4451 (2000);
A. W. Smith, Z Phys. C, 24 85 (1984).
[42] S. N. Solodukhin, Phys. Lett. B, 319 87 (1993);
B. Cvetkovic, M. Blagojevic Mod. Phys. Lett. A 22 3047 (2007);
M.-S. Ma, F. Liu and R. Zhao, Class. Quantum Grav. 31 095001 (2014);
M. Blagojevic and B. Cvetkovic, JHEP 05 101 (2015);
N. J. Poplawski, Astrophys. J. 832 96 (2016);
J. A. R. Cembranos and J. G. Valcarcel, JCAP 1701 014 (2017).
[43] K. A. Bronnikov and A. M. Galiakhmetov, Grav. Cosmol, 21, 283 (2015).
[44] K. A. Bronnikov and A. M. Galiakhmetov, Phys. Rev. D, 94, 124006 (2016).
[45] M. R. Mehdizadeh and A. H. Ziaie, Phys. Rev. D 95 064049 (2017)
[46] V. De Sabbata and M. Gasperini, “Introduction to Gravitation,”, World Scientific, Singapore
(1986);
V. De Sabbata and C. Sivaram, “Spin and Torsion in Gravitation,”, World Scientific, Singapore
(1994);
V. De Sabbata and C. Sivaram, Astrophysics & Space Science, 165, 51 (1990).
[47] N. J. Poplawski, arXiv:0911.0334 [gr-qc].
[48] J. Weyssenhoff, A. Raabe, Acta Phys. Pol. 9, 7 (1947);
J. R. Ray and L. L. Smalley, Phys. Rev. D 27, 1383 (1983);
G. A. Maugin, Ann. Inst. Henri Poincare 20, 41 (1974).
[49] Y. N. Obukhov and V. A. Korotky, Class. Quantum Grav. 4, 1633 (1987).
15
[50] A. Papapetrou, Proc. Roy. Soc. London A 209, 248 (1951);
K. Nomura, T. Shirafuji, and K. Hayashi, Prog. Theor. Phys. 86, 1239 (1991).
[51] T. W. B. Kibble, J. Math. Phys. 2, 212 (1961);
D. W. Sciama, in Recent Developments in General Relativity, p. 415, Pergamon (1962);
D. W. Sciama, Rev. Mod. Phys. 36, 463 (1964);
D. W. Sciama, Rev. Mod. Phys. 36, 1103 (1964);
F. W. Hehl and B. K. Datta, J. Math. Phys. 12, 1334 (1971);
F. W. Hehl, Phys. Lett. A 36, 225 (1971);
R. T. Hammond, Rep. Prog. Phys. 65, 599 (2002);
F. W. Hehl, arXiv:1402.0261 [gr-qc];
A. Trautman, arXiv:gr-qc/0606062;
D. N. Blaschke, F. Gieres, M. Reboud and M. Schweda, Nucl. Phys. B 912, 192 (2016).
[52] E. A. Lord, “Tensor, Relativity and Cosmology,” McGraw-Hill, New Delhi (1976).
[53] F. W. Hehl, Gen. Relativ. Gravit. 4, 333 (1973);
F. W. Hehl, Gen. Relativ. Gravit. 5, 491 (1974).
[54] W. Kopczynski, Phys. Lett. A 39, 219 (1972); 43, 63 (1973);
A. Trautman, Nature (London) 242, 7 (1973);
J. Tafel, Phys. Lett. A 45, 341 (1973);
Acta Phys. Pol. B 6, 537 (1975);
B. Kuchowicz, Acta Phys. Pol. B 6, 555 (1975); Acta Cosmologica Z 3, 109 (1975); Astrophys.
Space Sci. 39, 157 (1976); 40, 167 (1976); Gen. Relativ. Gravit. 9, 511 (1978).
[55] L. A. Anchordoqui, S. E. Perez Bergliaffa, and D. F. Torres, Phys. Rev. D 55, 5226 (1997);
M. R. Mehdizadeh and F. S. N. Lobo, Phys. Rev. D 93, 124014 (2016).
[56] E. Ebrahimi and N. Riazi, Astrophys. Space Sci. 321, 217 (2009).
[57] A. H. Ziaie, P. V. Moniz, A.Ranjbar and H. R. Sepangi, Eur. Phys. J. C 74, 3154 (2014).
[58] F. S. N. Lobo, Phys. Rev. D 71, 084011 (2005);
F. S. N. Lobo and P. K. F. Kuhfittig, Class. Quantum Grav. 23, 5853 (2006).
[59] M. Cataldo, S. del Campo, P. Minning and P. Salgado, Phys. Rev. D 79, 024005 (2009).
[60] E. F. Eiroa and C. Simeone, Phys. Rev. D 71 127501 (2005);
G. Dotti, J. Oliva, R. Troncoso, Phys. Rev. D 75 024002 (2007);
M. G. Richarte, I. G. Salako, J. P. Morais Graa, H. Moradpour, A. Ovgun, Phys. Rev. D 96
084022 (2017).
[61] J. A. Gonzalez, F. S. Guzman and O. Sarbach, Phys. Rev. D 80 024023 (2009);
N. M. Garcia, F. S. N. Lobo and M. Visser, Phys. Rev. D 86 044026 (2012);
K. A. Bronnikov, R. A. Konoplya, A. Zhidenko, Phys. Rev. D 86 024028 (2012);
M. Halilsoy, A. Ovgun and S. Habib Mazharimousavi, Eur. Phys. J. C 74 2796 (2014).
[62] K. A. Bronnikov and S. Grinyok, Grav. Cosmol. 7 297 (2001);
P. Kanti, B. Kleihaus, and J. Kunz, Phys. Rev. Lett. 107 271101 (2011);
M. Jamil, D. Momeni and R. Myrzakulov, Eur. Phys. J. C 73 2267 (2013);
G. Kofinas, E. Papantonopoulos and E. N. Saridakis, Phys. Rev. D 91 104034 (2015);
E. F. Eiroa and G. F. Aguirre, Phys. Rev. D 94 044016 (2016).
16
